Problem Set 1!
Math Camp 2024, UCSB
Instructor: Seonmin “Will” Heo (sheo@ucsb.edu)

1. Consider the following matrices:

(AB)T l14 69]; BT AT —

7 6|2 3] [14 69
2 310 8] |4 30

1 [30 -4,
B = 142 |69 14]°
1 113 —=2/[8 0f_ 113 -4
-1 4-1_ > = -
BA =51 [6 7] [3 2] 144 [69 14]

(¢) Check (A7)t =(AHT.

o ] wreah 3

2. Let A and B be n x n matrices, where n is a positive integer (n > 1). Prove whether
the following is true or false:

det(A+ B) = det(A) 4 det(B)

False.
Proof. Consider the following two matrices

k 0 0 0
A_[O 0] and B_[O k}’

where k is a non-zero integer. Then det(A) =0 and det(B) =0, so det(A)+det(B) =0.
However, det(A+ B) = det(k-Zz) = k2, which is non-zero. =

IThis problem set is created by Woongchan Jeon and modified by Seonmin (Will) Heo.
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3. For each function below, determine whether it is convex or concave using its Hessian
matrix.

(a) flz,y)=—2"—y*+ay+22—y
(b) g(a,b,c) = 3a®+2b? + ¢ — 2ab+ 2bc — 6a — 4b — 2c

(a) Let us first obtain the partials:

af(x,y)::fzz_2x+y+2
ox
of (z,y)

= fy=—2y+a—1
o fy=-2y+z

Then the Hessian matrix of function f(x,y) is a 2 X 2 matrix given by:

H = Yl = .

f(zy) [f?/x fou 1 —1

We observe that |H;| <0 and |Hz| > 0. Since all of the leading principal minors of
the Hessian matrix alternate the sign starting with the negative value, the matrix

is negative definite by Theorem 5.10. Thus, by Theorem 5.12, f(z,y) is strictly
concave.

(b) We start again with the partials:

99(a,b,) =g, =06a—2b—6
da

dg(a,b,c)

M::gcz2c+2b—2
dc

Then the Hessian matrix of function g(a,b,c) is a 3 x 3 matrix given by:

Jaa YGab Yac 6 —2 0
Hyapey= |9a G0b Gbc| = |—2 4 2.
Gea YGeb  Yec 0 2 2

The leading principal minors are |H;i| =6, |Ha| = 20, and |H3| = 16. Thus, the
matrix is positive definite by Theorem 5.10, and g(a,b,c) is strictly convex by
Theorem 5.12.

4. Let X be a n x k matrix with rank(X) = k(n > k). An annihilator matrix Mx is
Mx =T, - X(XTX)I1xT,

Show that Mx is symmetric and idempotent.



Mx is symmetric:

ML = (T, - XXTX)"IxH)T

( )
=7, — (X(XTX)"IxXTHT ' =1,
=7, - X((XITx)"hIxT (AB)T =BTAT
_ In —X((XTX)T)_IXT (AT)—I _ (A—l)T
=7, - X(XTX)"1xT (AT = A
= Mx.

Mx is idempotent:

MxMx = (T, - X(XTX)1xT)(Z, - X (XTX)"1xT)
=7, —2(X(XTX)1XT) + X (XTX) " IxTx (xTx)"1xT

=7, —2(X(XTX)"1XT) + Xx(XTx)"1xT (cancel out XTX)
=7, - X(XTx)"1xT
= Mx.

5. Find eigenvalues and eigenvectors of the following matrix. Normalize the norm to one.

8 .05
€= l.z .95]

20 100 1

4 1

= —A = 4 19 1 7 3 3

5 20 | — (= _ - o 2_° S () 2
1 19A' <r A>< A) A A+4 (A-1) (A 4).

1 1
17 V2
/\1:1, X1 = { and AQZi, X9 = £ .
VT V2
2
6. Express —> 0 2“715 and Y1 )\iuzz into quadratic forms using

M O o 0
/ ) 0 X - 0
wu:=lu - upl, X:=0Z,, and A:=|_ . )
0 0 - A\,
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7. Consider the following regression equation where n > k:

=xi' B+u;

We can rewrite this as matrix equation:

where

XT'xX =

XiXiT =

n

Yn|

x11

T1k—1

yi = xS+ xiofo - F w1 Bp—1 + B+ Vi=1,-,n
Vi=1,-,n
y=XB+u
x11 Tip—1 1 ug
b1
Br
| Tnl Tnk—1 1_ | Un |
(a) Check the following: XX =" | x;x! and X'y = 7 | x;u;.
ol ] p 1T
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(b) Assume that rank(X) = k. We derived 8 = (XTX) !XTy in class. Show that
1 AR
(XTX)_lXTy =|- inxl-T - inyi
iz iz
_ ~1 ,
B = (XTX)_lXTy = <1XTX) 1 (1XTy> = ! zn:XZ'XT ! En:xiyi
n n n.: ' n,=
(c) Show that

\/E(B—ﬂ) = (%gxixf>_lﬁ<%éxiui> :

St ) (1) - (50 (2 o)
o) () () (100
() (Z>

(d) Let t:=y—Xf. Show that 7 ; 47 = u” Mxu where Mx =7, —- X(XTX)~'1XT.

3\>—‘ 3\>—‘

=(;
(5

a=y—Xp3
—y-X(XTX)"1xTy
= (T, - XX"X)'xT)y
= Mx(XB+u)

= /\/lXu. (MXX - On)

= uT./\/lX/\/lXu
=u! Mku (Symmetric)
—ul Mxu. (Idempotent)



